Abstract-The synthesis strategies to be used for designing array antennas implementing the shared-aperture concept are described and discussed. The presented techniques range from fully deterministic approaches to semi-deterministic ones up to purely statistical design strategies. The pros and cons of each technique are ascertained.
INTRODUCTION
The quest for increasingly performing antenna front-ends has been stimulated in the last years by the necessity of implementing complex functions in radars and communication systems. In particular, modern sensing systems require the (array) antennas to be able to perform a number of concurrent tasks, such as, for instance, operating at different frequency bands, different polarizations, different scanning directions, etc. The coexistence of several array antennas performing concomitantly the different tasks often results in bulky antenna systems that are difficult to deploy on moving platforms such as ships, airplanes or satellites.
A convenient way to address this problem is to co-locate the array antennas responsible for the different services (functionalities) to be concurrently provided. The so-called shared-aperture concept [1, 2] can then be adopted to realize multi-functional array antennas. The different functionalities are ascribed to sub-arrays of elementary radiators, the sub-arrays sharing a common physical area that constitute the complete antenna aperture.
An early implementation of this concept is reported in [3] where the elementary antennas composing the sub-arrays are deployed on interleaved, uniform grids. A later contribution [4] proposed a complementary partition of a linear array in two sub-arrays exhibiting narrow radiation beams and grating lobes free operation. The shared-aperture concept was successively exploited to achieve multi-frequency operation [2] and polarization-agility capability [5] . Moreover the possibility to integrate the transmitter and the receiver antennas of a frequency modulated, continuous wave (FMCW) radar by making use of the shared-aperture concept was demonstrated in [6] .
In this paper, some techniques that can be used to design interleaved array antennas implementing the shared-aperture concept are described. The reader is conducted through a path that, starts from strictly deterministic methods, passes through an intermediate step, and leads to fully stochastic approaches. The advantages and drawbacks introduced by the different techniques are analyzed in detail. It is worth noting that none of the techniques described in this work invokes any kind of iterative optimization procedure, this enabling a time effective design strategy for any of the presented methods.
COMPLEMENTARY APERTURE DIVISION AND SUB-ARRAY INTERLEAVING
The shared-aperture concept can be implemented in two different ways: the available antenna system aperture is subdivided in separate areas over which the different sub-arrays are deployed; the antenna aperture is shared between the different sub-arrays in an interleaved manner. The former approach keeps the different sub-arrays separated that, in turn, has a twofold advantageous effect: it conveniently minimizes the interference between the different functionalities and allows for using classic (uniform) array antenna design strategies. However, the fact that the different sub-arrays are confined to limited areas on the antenna aperture entails significant difficulties in achieving highly directive radiation patterns. Conversely, the latter solution, schematically represented in Fig. 1 , benefits from exploiting the entire extent of the antenna aperture for each of the sub-arrays, at the expense of an increased cross-talk between the individual sub-arrays and a more complex design. Furthermore, this approach offers the additional advantage of implementing different subarrays having their phase centers virtually co-located, this feature being particularly useful in some applications (e.g., radar systems).
For the reasons above enumerated, the interleaved, shared-aperture strategy has been consistently adopted at the International Research Centre for Telecommunications and Radar (IRCTR), Delft University of Technology, for the design of multi-functional array antennas.
RIGOROUS TOOLS FOR COMPLEMENTARY APERTURE DIVISION
The design of a shared-aperture antenna consisting of two sub-arrays (i.e., implementing two concurrent services) can be achieved by partitioning an existing set of radiators (for instance deployed on a uniform rectangular grid) in two sub-sets. A convenient manner to achieve this is by calling upon rigorous, deterministic methods that exploit the properties of some binary numeric sequences.
In particular, the so-called Cyclic Difference Sets (CDS), sets of numbers, commonly used in the field of cryptography and communication technology [7] , can be made use of to this end. The seminal work [8] describes in details the procedure to generate a thinned array by removing elements from a uniform array deployed on a regular grid. The remarkable auto-correlation properties of the CDS guarantee that, by deploying elements at all positions vacated by the thinning algorithm, a second (sub-)array can be obtained that has very similar radiation properties in terms of beamwidths and average side lobe levels (SLL). This observation amounts to the CDS placement strategy offering the handle to achieve a complementary division of the initial fully populated aperture [9] . A sharedaperture antenna architecture obtained in this way is shown in Fig. 2(a) , where the dark gray squares represent the elements belonging to the first sub-array while the white ones correspond to the second sub-array. A generalization of this technique was proposed in [10] where, by concatenating several CDS and by adopting an appropriate partitioning scheme, a shared-aperture consisting of up to eight sub-arrays was designed. The eight sub-arrays showed very similar radiation patterns even in conjunction with beam scanning.
An alternative for obtaining shared-aperture antennas consisting of two interleaved sub-arrays is to provided by the Hadamard non-cyclic Difference Sets (HDS), as shown in [11] . An example of such array architectures is depicted in Fig. 2(b) . This approach enables the synthesis of square arrays with almost 50% partitioning of the elements between the two sub-arrays. The degree of similarity between the radiation characteristics of the two sub-arrays is slightly lower than in the case of adopting the CDS. Unfortunately, only a limited variety of Difference Sets, cyclic or not, exists, this inducing significant limitations in the range of array antennas to be designed in this manner. One manner to alleviate this drawback is by resorting to the wider class of Almost Difference Sets (ADS) [12] . In [13] the ADS were employed for designing linear thinned arrays with well controlled and predictable SLL. Again, the empty spaces left by the thinning of an initially fully populated array can be exploited for deploying a complementary (sub-)array, thus adding an additional, concurrent function to the overall array architecture. It must, however, be stated that this class of sets, although larger than that of (non-)cyclic Difference Sets, is still finite, this resulting, again, in array design limitations. 
DEVIATING FROM RIGOR
The previous section singled out the complementary division of a fully populated array by means of a CDS placement strategy as a convenient modality to implement two concurrent functions, with the high degree of similarity between the generated beams being cited as one of the most attractive features of the resulting design. While instrumental in some applications, such as the one described in [5] , this similarity may result in some cases in sub-optimal operation. For example, [9] discussed the case of an interleaved, transmit-receive antenna for FMCW radars. The antenna aperture in [9] is partitioned in transmit (Tx) and receive (Rx) sub-arrays. In this case, the rigorous application of the CDS placement results in peak SLL in the two-way radiation pattern in the range of −26 dB. However, by resorting to an effective additional trimming artifice, this peak SLL could be reduced by 4 and 6.2 dB in the two main radiation planes, respectively, the relevant array architecture being shown in Fig. 3 . It is important to note that the design procedure discussed in [9] relies on a full grid search over a feasible space that was cleverly reduced by making use of the properties of the CDS.
ONCE PANDORA'S BOX WAS OPEN
One of the important observation of [9] was that deviating from the rigorous CDS placement strategy does not result in substantial deterioration of the overall radiation properties of the obtained array. In particular, similarly to the case of antennas designed with the rigorous application of the method advocated in [8] , there were no high lobes in the far sidelobes region. While the additional trimming in [9] was quite reduced, it was intriguing to investigate whether this preservation of adequate radiation properties remains valid in the case of drastic thinnings. This idea was the more so interesting since it opened the path towards generating interleaved arrays that are completely devoid of the intrinsic limitations of the CDS blueprints. The validity of this design strategy was demonstrated in [14] where the sub-array interleaving was combined with thinning strategies aimed at obtaining very low SLL. The design procedures presented in [14] were entirely based on stochastic methods. More specifically, shared-aperture array antennas were obtained in successive steps. In the first place, the total array aperture consisting of elementary radiators deployed over a regular rectangular lattice were randomly subdivided in two sub-arrays. Note that this approach can be straightforwardly extended to a higher number of sub- arrays. The resulting arrangement of the sub-array radiators across the aperture was homogeneous, such that to preserve as much as possible the beamwidth set by the initial dimensions of the complete antenna aperture, but irregular, in order to prevent large periodicity sidelobes. By observing that the prescribed low SLL in array antennas can be achieved by varying the current distribution over the aperture, a density tapering strategy, mimicking the customary amplitude tapering techniques, was then applied. The antenna aperture was subdivided in areas over which a certain illumination function is prescribed by the design algorithm (e.g., the Taylor algorithm [16] ). Over each area a thinning procedure, again performed randomly over the elements of the relevant sub-arrays, enabled replicating the prescribed illumination function, higher thinning rate corresponding to lower values of the illumination function. The density tapering was shown to be an effective strategy, provided that the number of elements is sufficiently large for statistically mimicking the required current density distribution on the aperture. An example of such an array is depicted in Fig. 4 , again the case of a transmit-receive antenna for the FMCW radar applications being considered. In Fig. 4(a) the subdivision of the array aperture in several areas is clearly visible, each area is associated with a given thinning rate that translates into a given value of the illumination function. The actual array configuration is shown in Fig. 4(b) where the decreasing density of antenna elements towards the edges of the aperture is easily recognizable. This discussion is concluded by briefly touching upon a completely different (almost) deterministic vehicle for designing non-periodic array antennas that was discussed in details in [15] . It also relies on reproducing a prescribed aperture current distribution in combination with a placement along a spiral that ensures an almost full randomization of the inter-element spacing. While the applicability of this approach to the design of interleaved arrays remains to be demonstrated, the algorithm further evidences the versatility and effectiveness of resorting to readily available mathematical instruments for addressing highly demanding radiation requirements. The thinning rate, in percents, in the various regions of the aperture, (b) the resulting array architecture: the dark gray squares correspond to the transmit sub-array, the light gray ones to the receive sub-array and the white ones to the eliminated elements (58%).
CONCLUSION
An illustrative selections of antenna array synthesis methods employed for implementing the sharedaperture concept was discussed. The presented architectures concurrently support two functionalities, this resulting in a substantial enhancement of the array antenna performance. The employed design methods make use of deterministic mathematical instruments or invoke effective (random) optimization approaches for tailoring the radiation properties. Due to their efficiency, the discussed strategies are suitable for tackling the design of (very) large array antennas.
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